Recently it was shown that in quasi-phase-matched quadratic media the average intensities are subject to an induced Kerr effect. We analytically study the inf luence of this induced cubic nonlinearity on the amplitude and phase modulation of the fundamental wave and predict efficient all-optical switching. © 1998 Optical Society of America OCIS codes: 190.7070, 190.4390, 190.4360, 190.3270. Parametric wave mixing in quadratic [or x ͑2͒ ] nonlinear materials has attracted growing attention because of its possible applications for all-optical switching devices.
Parametric wave mixing in quadratic [or x
͑2͒ ] nonlinear materials has attracted growing attention because of its possible applications for all-optical switching devices. 1 Many of its theoretically predicted effects, such as large nonlinear phase shifts and dichromatic spatial solitons (mutually trapped fundamental and second-harmonic beams), have already been observed experimentally in bulk crystals and slab waveguides. 1 Switching devices based on the nonlinear phase shift in quadratic materials such as integrated Mach -Zehnder interferometers and directional couplers have also been experimentally demonstrated. 2 However, most switching effects require a small wave-vector mismatch between the fundamental wave (FW) and the second harmonic (SH). Quasi-phase matching is a promising technique for switching because, at least potentially, it permits phase matching to be achieved in any material over a wide range of wavelengths. 3 As a consequence the largest component of the second-order susceptibility tensor can be used, allowing for a decrease in operating power. The idea of quasi-phase matching is to modulate periodically the x ͑2͒ coeff icient where the pertinent grating vector can compensate for the mismatch. Although the physics of quasi-phase matching has been known since 1962, 4 technological difficulties have been overcome only recently, and stable quasi-phase-matched (QPM) structures have been developed. 5 Recently Clausen et al. 6 investigated self-trapping of light in QPM quadratic media and derived effective average equations for the wave evolution. It was rigorously shown that these equations include induced cubic nonlinear terms that mimic a Kerr effect. The evolution of spatial solitons in QPM SH generation was numerically studied in the research reported in Ref. 7 , in which stochastic f luctuations of the domain length were also accounted for. Our purpose in this Letter is to identify peculiarities of amplitude and phase modulation in x ͑2͒ materials introduced by this induced cubic nonlinearity compared with those in a pure x ͑2͒ process. 8 Moreover, we suggest an efficient switching scheme that relies on that effect.
The evolution of the amplitude of the FW, W ͑z͒, and of the SH, V ͑z͒, in a QPM x ͑2͒ medium is governed by the set of coupled equations (see, e.g., Refs. 1, 3, and 4)
The parameter b 2b v 2 b 2v is the phase mismatch, and b v and b 2v are the wave numbers at the two frequencies. The spatially periodic modulation of the nonlinear susceptibility x ͑2͒ is described by the periodic grating function g͑z͒ with the amplitude G proportional to the effective nonlinear coeff icient 8 and the period 2p͞k g .
We consider a square-shaped QPM grating that can be represented by a Fourier series g͑z͒ P m g m 3 exp͑imk g z͒, where g 2m 0, g 2m11 2G͞ip͑2m 1 1͒, and the summation ranges from 2`to`. Expanding the amplitudes as W ͑z͒ P n w n ͑z͒exp͑ink g z͒ and V ͑z͒ P n v n ͑z͒exp͓i͑nk g 1b͒z͔ and assuming firstorder quasi-phase matching (the most effective one), we can show that the effective equations for the average amplitudes w 0 ͗W ͘ and v 0 ͗V ͘ are
where x 2G͞p and a ͑1 2 8͞p 2 ͒G 2 ͞k g andb b 2 k g is the residual phase mismatch.
The system of Eqs. (2) is valid analytically, provided that k g ഠ b . . 1͞L, where L is the medium length. This condition usually holds true in most x ͑2͒ materials in the near infrared. It is important to note that the cubic self-and cross-phase modulation terms have opposite signs and that self-phase modulation does not appear for the SH. Thus the induced Kerr nonlinearity is qualitatively different from the inherent material Kerr nonlinearity. Consequently the evolution of the complex amplitudes [Eqs. (2)] differs appreciably from that known from competing quadratic and cubic material nonlinearities (see, e.g., Ref. 9) .
To simplify the calculations we apply the conventional normalization for the amplitudes, propagation distance, and mismatch as w 0 p I r exp͑if͒, v 0 p I m exp͑ic͒, and Z z͞L, and k bL͞2, respectively, where I jw 0 j 2 1 jv 0 j 2 is the conserved total intensity. Then Eqs. (2) take the form
where G Lx p I and g LaI characterize the strength of the quadratic and the cubic interactions, respectively, u 2f 2 c is the relative phase, and an overdot denotes differentiation with respect to Z. The phase of the fundamental wave is determined by
Because
, which is related to the Hamiltonian of the system, the solution can be found by quadrature. It is evident from Eqs. (3) that the phase evolution is determined by an interplay among phase mismatch ͑k͒ and quadratic ͑G͒ and induced ͑g͒ cubic nonlinearities. Hence it is convenient to introduce the parameters q k͞G and s g͞G that both depend on the intensity. We obtain from Eqs. In what follows we focus on the relevant case without SH seed ͓m͑0͒ 0͔. Then we have H 0 and obtain f ͑u͒ u͓1 2 ͑C 2 1 2͒u 2 ͑2CD 2 1͒u 2 2 D 2 u 3 ͔, where C q 1 2s and D 2͑3͞2͒s. The polynomial f ͑u͒ has four real roots, u 0 0, u 1 # 1, u 2 $ 1, and u 3 . u 2 , provided that
This is the case in the usual experimental situations in which s is very small. The integration of Eqs. (3) yields
where j GZ and
The function u͑j͒ is periodic with a period T 2K͑m͒͞r. It becomes aperiodic for s 22q (see Fig. 1 ), which corresponds to a separatrix in the phase space and describes a complete transformation of the power of the input FW into the SH. Here we have u 1 u 2 1, u 0 0, and u 3 1͞9q 2 . The intensity I sep that applies to the separatrix can be straightforwardly obtained as I sep 2b͞a. Thus a negative residual mismatch is required.
For switching applications the phase modulation of the FW f͑j͒ is a crucial quantity. If condition (5) holds, integration of Eq. (4) gives
where a 0 ͓su 3 2 ͞2 1 ͑q 2 s͒u 3 1 s͔͑͞1 2 u 3 ͒, a 1 su 3 ͞2r, and a 2 u 3 ͑s͞2 1 q͓͒͑͞u 3 2 1͒r͔. The function F am͑rj j m͒ is the Jacobi amplitude, and P͑p; F j m͒ is an elliptical integral of the third kind. 10 Note that, unlike in a pure x ͑2͒ medium, the fundamental wave experiences a nonzero phase shift in the aperiodic regime of conversion.
One can find the phase shift after a complete period of oscillations (where the FW amplitude is maximum), T , analytically by using the property f͑T ͒ 2f͑T͞2͒
where L 0 ͑q j m͒ is Heuman's lambda function 10 with the parameters sin͑q 1 ͒ ͓u 2 ͑1 2 u 1 ͒͑͞u 2 2 u 1 ͔͒
and sin͑q 2 ͒ ͑1 2 u 1 ͞u 3 ͒ 1/2 . Analyzing the result [Eq. (8)], we f ind that the separatrix s 22q divides the ͑s, q͒ plane into two regions (see Fig. 1 ) and that crossing it produces a drastic change in the phase shift f͑T͒, changing it exactly by p. We can verify this result by expanding f͑T ͒ near q 0 , where q 0 2s͞2, which exactly gives f͑T ͒j e.0 2 f͑T͒j e,0 p, where e is a small parameter.
In Fig. 2 we show the spatial evolution of the intensity r 2 ͑j͒ and the phase f͑j͒ of the FW as given by Eqs. (6) and (7) for slightly different (5%) input intensities just above and just below the separatrix value. The evolution of the intensities in the two cases, A and B (see the magnification within the circle in Fig. 1 ), shows almost no difference and is thus depicted only for point A, whereas the phase shift after a period shows a difference of exactly p. The results of a direct numerical solution of Eqs. (1) conf irm the analytical predictions: Crossing the separatrix changes fT by p. Oscillations on the numerical curves as well as deviations from analytical results are due mainly to the effect of higher-order harmonics. Similar oscillations were recently identif ied for spatial soliton evolution in QPM SH generation. 7 The phase shift f of the FW versus the normalized input intensity I ͞I sep calculated from Eqs. (6) and (7) is plotted in Fig. 3 . The phase shift is measured at the output of the crystal ͑Z 1͒ for changing input FW intensity. We emphasize again the abrupt change in the FF phase. Furthermore, we note that a similar phase shift was found numerically in studies of poled fibers.
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One can take advantage of this effect in phasesensitive switching devices such as Mach-Zehnder interferometers based on quadratic nonlinearities. In contrast to conventional Mach-Zehnder switches 2, 12 that exhibit a fairly smooth switching characteristic, the p phase shift required can be achieved by application of only a weak control signal (Fig. 3) . The price that one has to pay is the large holding intensity I sep , which is more than four times larger than in a pure-x ͑2͒ case. 8 By applying results of Fig. 3 to a KTiOPO 4 waveguide with a grating period of ϳ8 mm one gets L 1.5 mm and I sep 9.8 GW͞cm 2 for a FW wavelength of 0.8 mm. This intensity can be considerably reduced if materials with weaker dispersion (e.g., KTiOAsO 4 O 3 ) or type II phase matching are used. Then, e.g., for the periodically poled LiNbO 4 sample matched for sum-frequency mixing, 13 the domain inversion period required is 15.5 mm, which results in L 2.9 mm and I sep 3.9 GW͞cm 2 .
In conclusion, we have investigated the inf luence of a cubic nonlinearity induced by quasi-phase matching on the nonlinear amplitude and phase modulation in a x ͑2͒ medium. We found exact solutions of the averaged equations for amplitude and phase modulation of the FW and the SH and showed that a p phase shift of the FW can be achieved by a weak control signal. This effect can be exploited in nonlinear Mach -Zehnder switches.
